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The detailed proofs for the results in the article “Asymptotic results for multivariate local
Whittle estimation with applications” are presented. Some additional comments on the article are
also provided, as well as some other details that go beyond what is solely necessary to justify the
results in the article. Thereby, we adopt the notation of the article and refer to its labels by adding
square brackets. For example, Theorem [2.1] here refers to Theorem 2.1 in the article.

Sections 1 and 2 below provide respectively the technical details for Sections [II] and [III] in
the article. We refrain from giving more details for Section [IV], since the article already provides
a proof of Theorem [4.1] with sufficient details. Section 3 gives additional numerical results for
Section [V] in the article.

1 Details for Section [II]

We provide here details for the proofs of the results in Section [II] of the article. Section 1.1 contains
the proof of Theorem [2.1], the asymptotic normality result for the local Whittle estimator. The
Sections 1.2, 1.3 and 1.4 shed additional light on Remarks [2.1], [2.2] and [2.3].

For the readers’ convenience, we first recall some notation from the article. We consider the
negative log-likelihood

1 D _
(D,G) =— > (og A PGN P + tr(Ix (A)APGIAD)), (1.1)
=1
where | - | and tr(-) denote the determinant and the trace of a matrix,

1 N . N Y
0 = g (3 ) (5 )
n=1 n=1

is the periodogram for sample size N and m is the number of Fourier frequencies \; = 2mj/N
used in estimation. In order to define the parameter vector of interest, we introduce the matrix

G = (Gk)ki=1,..p> Ikl = Geklik=1y + r1plik>ty + roplip<sy, Where g = 714 + irgp, and the
vector D = (dy,...,dp)". Then, the parameter vector can be written as

0= <Ve%é)> . (1.2)



The respective pairs of matrices C~}, G and l~?, D can be related as

vec(G) = Ly vec(G), vec(D) = E, 2 vec(D). (1.3)
The matrix L, € CP*P is defined as
1 *
L, = 5(Jpzlpfz + 2 Kp), (1.4)

where * denotes the Hermitian conjugate and J2 = diag(vec(J)) with J = (L pp<y Tl frsy =1, p-
The matrix K, denotes the commutation matrix, which transforms vec(M) into vec(M’) for a square
matrix M; see Magnus and Neudecker (2007) for more details on these kinds of operations. The
matrix F, 2 is defined as

E‘p,p2 = (617 Opoa €2, Op><p7 R ep)v (]‘5)

where e; denotes the ith standard basis vector of R” and 0y, a p X p-matrix with all entries equal
to zero. Its Moore-Penrose inverse is B , = E' ,(E, »E' ,)"'=FE' ,.
D,p p,p° N TP P T p,p ;P

1.1 Proof of Theorem [2.1]

The asymptotic normality result can be derived as in Baek et al. (2019) and Robinson (2008) who
considered the case p = 2. We focus on calculating the information matrix for all model parameters
for arbitrary dimension p. The negative log-likelihood £(6) = ¢(D, G) of the model is given in (1.1).
The information matrix is a 2 x 2 block matrix

Mg Mg p
1(0) = ’ 1.6
0= (u, N7) (1.6
with

Mg,p = E(Dg(Dgx{)), Mg= Mgqg, Mp= Mpp,
where Dy denotes the derivative matrix with respect to a vector V. As proven in Lemma 1.1
below, the resulting blocks of (1.6) can be expressed as

Mg = (L") (G @ GTHL, ", (1.7)
Mgp =-T(L, ") (G & (GT))E, »,
Mp = ThE,»(G& G )G & (G))E, », (1.9)

where @ denotes the Kronecker sum defined as A® B = (I, ® A) + (B ® I,), Ly, E, 2 are as in
(1.4) and (1.5), and

Zlog N, Th = Z(log)\j)Q. (1.10)
] 1

The block structure of the information matrix (1.6) leads to the inverse

" T? _
(G’®G)L + 7, 212060 TQTflTETgL (G@G’)E’ QMDl

1(9)71 = I\ T * 1
T2M ,p2 (G oG )Lp TQM

(1.11)

TT2 TT2

with
Og,p = Lp(G® G,)E;),pQMBlEp,p"’(G ® G/)L;5



see Lemma 1.2 below. By Lemma 1.3 below, the inverse of the information matrix (1.11) can be
simplified to

1 px 7 x T —1
101 = (Me + T2L RZq RLy gomleftZg (1.12)
- Z 1R*L* 1 Z—l ’ :
-T27G -T2 G

where Zg = 2(G © G! + 1), ® denotes the Hadamard product and the matrix R is defined as
R = (vec(G) ® vec(Y7),...,vec(G) ® vec(Y})) (1.13)

with Y; = (1=} +1 (=1} )k,i=1,... p- The asymptotic orders of Ty and T3 in (1.10) are Ty ~ log(m/N),
Ty ~ (log(m/N))? and Ty — T = 1 + o(1) and lead to the limiting covariance matrix

- (L oRZZ'R* L, LpRzal)
- 1 * Tk -1 )
ZG'RLE 7
as stated in the article. O
Lemma 1.1. The information matriz (1.6) is given by (1.7), (1.8) and (1.9).

Proof: We first give the resulting negative score function and second derivative matrices, and take
the expected values to conclude (1.6) for the information matrix. Set

1 m
AW = — 3 ATIx(A)AT (log(X)*, k=012 (1.14)
7=1

Taking the expected value of A*) and assuming E I x(Nj) = f(N) = )\;D G)\;D for simplicity yields
EAY =g, EAD =1G, EA® =1@ (1.15)

with 77,75 as in (1.10).
For the negative score function Dy £(D, ) with respect to 6 in (1.2), we calculate D (D, G)
and Dy (D, G) as

Dg (= ((L, ") vee(G™))" = (L, ") vee(GAD G, (1.16)

D (= —2111, + (E, 2 vec(G~ AM))* + (B, o vec(AVG))*, (1.17)

where 1, = (1,...,1); details are given below. To get the information matrix, we need to calculate
the second derivative matrices, which leads to
Ds(Dg ) = —(L,) (G ® G7HL,!

+ (L ((GTA0C Y @ 6T + (6T 0 6TAOGT )L (1)

D5(Dz¢) = (L) (( <A<1>G Yee )+ (¢ oG TAV)E L. (1.19)

DD ) = Eppe (APY @ G + (I, @ (ADGTY)
+((ADCT @ L) + (67 © ADGT) ) B o, (1.20)

with details given below. Taking the expected value of the second derivatives (1.18), (1.19) and
(1.20) and using (1.15) gives the information matrix (1.6) with blocks (1.7), (1.8) and (1.9).



To derive the derivatives (1.16) and (1.17) note the following relations for some differentials for
non-singular matrices X,

d|X| = |X|tr(X 'd X), (1.21)
dx!'=-x1tdx)x 1, (1.22)
j
dx/ =Y X"l dXx)x77F, j=12... (1.23)
k=1

For (1.21)—(1.22) and (1.23) see p. 202 and p. 208 in Magnus and Neudecker (2007), respectively.
The Taylor expansion of the exponential function and the formula for the differential of a power
function (1.23) combined together give

dADzi%ZD’“ L(d D)Di~* Z log ZDJ ldD

J:

7=0 7j=1
B (log(A))i~ (1.24)
= log()\); ﬁpj 'dD
=log(MAPd D,

where we used commutativity of diagonal matrices. For more insights about differentials and
derivatives of matrix-valued functions, we refer the reader to Chapter 9 in Magnus and Neudecker
(2007). N

The derivative with respect to G in (1.16) is a consequence of the differentials

1 - -D —-D 1\\*
d%ZIng\j GA P = |Gl tr(GT1 A G) = (vee(G™))* vee(d G)

j=1 \GI
= (vee(G™1))*L, " vee(d G)
= (L") vee(G™1))" vee(d G),
d % Zm: tr(Ix (A)APGTIAP) = dtr(A0 G
j=1

= (@' AY(-1)GT(a)
—(vec(GTTAO G L vec(d G)
-1 1 4(0) y—1y\\* ~
= —((L; )" vec(GTTADGT1))* vec(d G),
where (1.21), (1.22) and (1.3) are used.
The derivative with respect to D in (1.17) is a consequence of the differentials
RS —Dv\—D 1 ¢ D 3\-D
dEZIOg]Aj GAP| = %Z2tr()\j dx;"?)
j=1 j=1

= —2— Zlog (vec(Ip))* Ell)’pg vec(d D)

= —2— Zlog )1, vec (dD) = —2T11;, vec(d D),



d— Z“ Ix(M)APGIAP) = Z (tr(Ix (M) (A AP)GTIAD) + tr(Ix (A)APGTH A AD)))

- ((EMQ vee(G1T AN 4+ (B

»p? vec(A(l)G_l))*) vec(d 1~))7 (1.25)

where we used (1.21) and (1.24). The equation (1.25) is a consequence of
tr(Ix (A (dAP)GTIAP) = log(\) tr(G~IAPIx (A)AP d D)
= log(A) (vec(GT AP Ix (\AP))*E] » vec(d D)
=1og(A\)(E, 2 vec(G AP Ix (A)AP))* vee(d D).
(

P.p
These calculations also used (1.24) and Theorem 2 in Magnus and Neudecker (2007), p. 35.

We continue with the second derivative matrix of £(D, ). The relation (1.18) for D5(Dg¢) is
a consequence of (1.17) and the derivatives

|

|
h

*
5
®
Q
<
&
o
Q.
Qe

1* vee(-G~1(d G)G—1A<0>G—1 + G 1A (—DE A GG

+ (G @ GTTADGY) vee(d G)
_ (L;l)*(((G—lA(O)G—l)/ Q G—l)

+(@ e G_lA(O)G_l))L_l vec(d é)

P
The second derivative D 5(Dg ¢) in (1.19) follows from the differentials (with respect to D)

d(L;l)* vec(G™1) =0,

—d(L; ") vec(GTAVGT) = —% D (L) dvee(GTIAPIx (\)APGT)

J
+ G Ie(A) () (dAT)G)

= —— Y log(\) (L, ) (P Ix AP @ G

Jj=1

+ (G @ GNP Ix(\)AP)E!

p2 vee(d D),

where

vec(G™HANP) Ix (MNP G™Y) = log(\) vee(GTINP (d D) Ix (MAPG™Y)
= log(\) (Ix (MAPG™YY @ G7IAP) vec(d D)



= log(\)(\PIx(MAPG™YY @ GT)E], » vec(d D).

The relation (1.20) for Dx(D g ¢) follows from

m

d E, ,» vec(GTAW) = % > log(Aj) B, e dvec(GTI AP Ix (3))AP)

m

% Z log(A))E, 2 vee(GH(AAP) Iy (\)AD + G—IAP I (A;)(d AP))

— B, (((A< ) & G) + (1 & (ADGY)) Bl o vee(d D),

d B, vec(AVG™) = E, » (((A<2>G—1)' @)+ (G Y ® A<2>G—1))E 2 vec(d D),

p,p

since for example

vec((dA\P) Ix (MNP G = (WP Ix(MAPG™YY @ I,) vec(d D)
=log(\) (AP Ix(MAPG™Y ® L) E, » vec(d D).

Lemma 1.2. The inverse of the information matriz (1.6) can be written as in (1.11).

Proof: By using Magnus and Neudecker (2007), p. 12, the block structure of the information matrix
leads to the inverse

- —1 —1
roy1 — (M Mg Ma.pS5oMs pMG' Mg MapSaly (1.26)
=S¢ DMG pMg! Sa ’

where the so-called Schur complement is defined as Sqg.p = Mp — Mé pMg 1MG, p with
Mgt =L,(G'®G)L;
and Mg, Mg p and Mp are given in (1.7), (1.8) and (1.9), respectively. We can write

—M¢ pMg' = Ti((L, ) (L, @ G + (G @ ) E, 2)" Lp(G' ® G)L;,
=TE, (I, G+ (G ®1L,))(G'®G)L;
=TNE,,2(GC'®1,)+(I,®G))L,
=TNE,,(Ga&G)L;.

(1.27)

In the view of (1.27), (1.8) and (1.9), the Schur complement can be simplified to

Sa.p = Mp — Mg p Mg Ma p
= Mp —T{E, 2(G® G Ly(L, ) (Lo G + (G @ L))E, »
= Mp —TTE, 2(G&G) (L, oG )+ (G @I))E, »
= (Ty — Tl) 2(GeG) G e (G )’)Ez’,’pQ
= (Tp — T? )(I/TQ)MD.



We write its inverse as 1

E— NV 1.28
T, -T2 D (1.28)

(Sa.p)~" =

Whether M ! can be expressed in closed form remains an open question. Combining (1.27) and
(1.28) yields

T
—Mg' Mg, pSglh = 17 Ly(G® GE, 2 ToMp! (1.29)
and —1 -1 —1 arx ~1
! * Tl2 N ! -1 I T * (1'30)
= Lp(G X G)Lp + WTQ‘LP(G & G )Ep,pQMD Ep,p2 (G (&) G )Lp
The relations (1.28), (1.29) and (1.30) give (1.11). O

Lemma 1.3. The inverse of the information matriz (1.11) can be simplified to (1.12).

Proof: To obtain the representation (1.12), we refrain from taking the derivatives with respect
to D = (di,...,dp) and instead take the derivatives componentwise with respect to dj for k €
{1,...,p}. This leads to

0% .
Mg p = ( 0 Dg €> =-T\(L,")* (G ®GHR (1.32)
ody, k=1...p

with R as in (1.13).
To verify (1.31) and (1.32), note that the negative log-likelihood in (1.1) can be written as

p m
1 1
0(0) = log |G| — 2 (Z d,») — > log; + 1@ 5x ).
i=1 j=1

with Sx(0) = ij:l Ag))ﬁij, where Ag;) denotes the kith component of (1.14) and the inverse of
Gl = (Gij)i,j=1,..p can be written as

a@:@ S sign(o) [] g

UESP/\Ui:j 7'687,‘

where S, denotes the symmetric group and S, := {1,...,m} \ {p}. The formula is a consequence
of using Cramer’s rule for the inverse of G.
The negative score function is written as

ol .
ad, adl IG\ Z > sign(0) [] o,

gESINT;=] reS;

=211 + @ Z AS)(]I{Z:Z} + ]l{l:j}) Z sign(a) H Iro,.-

i,j=1 ocESINT=] reS;



Taking the second derivative with respect to di, we obtain

#t_ _ 0 L~ 40 .
ad.od, _ ody, (2T1 gl Z Ay ey + 1g=yy) Y sien(o) [ gro,

,j=1 UESP/\O'iZj res;

1 < |
=G Z Az(?)(]l{lZi} + L=jy) (Lgp=iy + Lig=5) Z sign(o) H Gro.

1,7=1 UGSP/\O'Z':j res;

Taking the expected value and using (1.15) gives

020 p . |
E <8d ad ) = > Doy + 1) Qpmiy + M=) ir - D sien(@) [] oo
kYUQLJ i=1,...p ij=1 ‘ ’ rESphTi=] s,

p
=Ty ) 9505 (Lu=iy + L)) Lg=iy + Lpj)

ij=1
] 291k ik if 1 # k,
2gugu + 2R, 9i3G15), il =kE.

=T2(GoG ' +1,).

We get a representation for the matrix Mg p by taking the derivative of (1.16) with respect to
dp fork=1,...,pas

c‘;jlk Dgt= —(Lpl)*(?adk vee(G1AO G
= (L, (@ ®G_1)8§l),€VeC(A(O)) (1.33)
= —(L,") (G @ G71) vec(Xy)

with X, = (Afnls)(]l{kzr} + ]l{k:s}))r,szl,...,pv since

1 m

——vec(AD) = ——vec(— Y AT Ix 1o (A))ramt,p
m

j=1

1 m
= Vec(% Z log(Aj) (L gp=y) + ]l{kzs})/\;-lrerSIX,rs()\j))r,s:L...,p
j=1
= VeC((ASé) (]l{kzr’} + ]l{k:s}))r,S:l,...,p)-
Taking the expected value of (1.33) leads to

E <a Dé €> =-T (Lpil)*((Gil)/ ® Gil) Vec((gTS(]l{kzr} + ]l{kzs}))T’,S:L...,p)

= —Tl(szl)*((Gfl)/ ® G~ vec(G) @ vec(Yy)
=T (L) (G ®G "R

with Y, = (]l{k:r} + ﬂ{k:s})T,S=1,--.,p and R as in (1.13).



Using formula (1.26) for the inverse of the information matrix, (1.31) and (1.32) gives

Tl -1 ].

Soly = My = —— 7!
e P S
—1 —1 / * —Lyx =1y -1 ~1 T 1
—Mg'Ma,pSgl = Ly(G' @ G ) (G @ GTHRMp! = o _TQL RZZ',
T?
1 - 1 1 o 7%
Mg Ma,pSGlp Mg pMg' = 7 ooz 'L
with M5! = L,(G' ® G) Ly, which leads to the desired representation of (1.12) of ()" O

1.2 Proof of Remark [2.1]

Remark [2.1] states that Theorem [2.1] can also be written in terms of the precision matrix P = G~1.
The parameter vector of interest is given now by

vec(P)
Op = ~ 1.34
P ( D ) ) ( )
where P is defined from P in the same way that G and G relate; see (1.3). We prove that the
information matrix
_( Mp Mpp
1(0) = (M;S,D M > (1.35)

with
Mpp =E(Dp(Dgl)), Mp= Mpp, Mp= Mp,p,

coincides with (1.6) written in terms of (1.7), (1.8) and (1.9) by replacing G with P and changing
the sign of the off-diagonal block matrices.
The resulting blocks of (1.35) can be expressed as

Mp = (L) (G'® G)L, ", (1.36)

MPD —T1< ) (G@G/)E/ P2 (137)
For the negative score function Dy, (D, G), we calculate D5 ¢(D, G) as
D5l =((L, ") vec(G))* — (L, )" vec(A®))*.

To get the information matrix, we need to calculate the second derivative matrices, which leads to

Ds(Dpl) = (L,")*(¢ ® G) - (1.38)
Ds(Dp0) = (L) (AY @ I) + (I, © AD)) B}, . (1.39)
Taking the expected values of the second derivatives (1.38) and (1.39) gives the information matrix
(1.35) with blocks (1.36), (1.37). The detailed arguments are omitted since they are similar to
those in the proof of Theorem [2.1].

D



1.3 Proof of Remark [2.2]

We first prove the upper bound
k=1,...,p. (1.40)

For Hermitian matrices A and B, we write A = B if A — B is positive semidefinite and A > B if
A — B is positive definite. We use Aj(A) for the jth eigenvalue of A.

Note that 2(G ® G~ + I,)) = 0 since G = 0; see Theorem 7.5.3. in Horn and Johnson (2013).
For this reason,

RGO+ 1) < ifp S AGOG 4 L) 4+, & 2ACOG ~1) =0,  (L41)

where Corollary 7.7.4. (a) in Horn and Johnson (2013) was used for the first equivalence. The last
relation in (1.41) is proven in Theorem 7.7.17. (c¢) in Horn and Johnson (2013). Corollary 7.7.4.
(c) in Horn and Johnson (2013) implies

1

NGOG+ 1)) < () =

and so

_ -1 - -1
2AGOGT + )] < max NGOG +1)] ) <

| =

We conjecture that the diagonal entries in (1.40) also have a lower bound as

-1

1
<2GoGc T+ 1), .

— k=1,...,p.
4p f— b ) p
This is suggested by at least the following two observations. First, recall that [2(G ® G™! + I,,)] ];k,l

is the (normalized) asymptotic variance of the estimator di. We expect this variance to be smallest
when the dependence between the kth component series and the rest (p — 1) series is strongest,
so that estimation of dj benefits most from these other series. This extreme dependence can
be thought as having p copies of the kth series or the kth series of length N - p. The usual
local Whittle estimator of dj for the series of such length would have its asymptotic variance as
(1/4)(1/(mp)) = (1/(4p))(1/m), where m is the index of the Fourier frequency when the sample
size is N. Thus, up to the normalization by 1/m, the asymptotic variance in this extreme case

is suggested as 1/(4p). Second, in smaller dimensions p, we have calculated [2(G ® G™! + Ip)];kl
assuming gy = (gkkg”)l/ 25 with § close to 1, reflecting extreme dependence among the component
series. As ¢ 10, we confirmed that [2(G© G~ + Ip)];]: indeed converges to 1/(4p).

1.4 Details for Remark [2.3]

As discussed in Remark [2.3] the matrix G in f(A) ~ A"PGA™P, as A — 0%, can also be
parametrized in terms of polar coordinates. To distinguish between the two parametrization, we
use Z instead of GG. Then, the parametrization reads

7 = (wkleSign(k—l)i%z)k I=1...p

with the so-called phase parameters ¢y € (—m/2,7/2) and wy; € R.

10



As in the proof of Theorem [2.1], we introduce a suitable representation of the parameter vector.
Set @ = (sign(k — D)idgi)ki=1,...p» @ = (Wkt)k=1,...p and

Q := vech(Q) = D;' vec(Q), ®:= W, 2 vee(®),
where
Wpp2 = (=i)(0p, V1, Opxa, . .. » Opx(p—1) V-1, 0pxp)
with Vi = (V(g—1)ptq> - - - » V(g—1)p+p—q), Where v; denotes the ith standard basis vector of R” and
0,x4 is a p x g-matrix with all entries equal to zero. W;pg = (I/V;’p2 pypz)_lll/;’pg = —W;p2 is the

pseudoinverse of W), 2. The parameter vector can then be written as 8 = ((2)’, (@Y, (D)).
The information matrix is now given by a 3 x 3 block matrix

10)= | My, My Myp |, (1.42)
Mg, Mj, Mp
where
Mg s = E(Dg(Dg)), Mao,p =EDp(Dg)), Myp =E(Dz(Dgz)),
and Mq = Moo, My = My 4, Mp = Mp p. As proved in Lemma 1.4 below,
Mg = D;(diag(vec(F)))*((Zfl)/ ® Z~1) diag(vec(T')) Dy, (1.43)
Mg, = D (diag(vec(I)))*((Z27") @ Z7") diag(vec(Z))W,, 2, (1.44)
Mq,p = =Ty Dj(diag(vec(I')*(Z ' @ (Z71))E}, », (1.45)
My =W, diag(vec(Z))((Z271) ® Z71) diag(vec(Z)) Wy 2, (1.46)
My,p = TiW,} ,(diag(vec(2)) (2 @ (Z71))E,, 2, (1.47)
Mp =ToE, 2 (Z& Z')(Z & (Z))E, (1.48)
where ' A
I = (esgn(k_l)wkl)k,lzl,...,p' (1.49)

As noted in Remark [2.3], it is quite challenging to derive an explicit formula for the inverse of
the information matrix. The formula to derive the inverse of a 2 x 2 block matrix can be used to
get a formula for the inverse of a 3 x 3 block matrix. Therefore, rewrite () in terms of a 2 x 2

block matrix
Nq é Oa.p
1(0) = . ’
0= (o0
with OQ@,D = (MQ,D qu,D)/ and

_ Mq MQ7¢
Nag = <Ms*2,¢ My ) '

Note that
M§1 = D;(diag(vec(F)))_l(Z/ ® Z)(diag(vec(F))*)_l(D;)*-

Then, the Schur complement can be computed as

S = My — M 4Mg ' Mo,y = 0.

11



Since S is not invertible, we use

-1 Sl_ =5 MQ@M_
N = 1% ao—1 -1 —1as% ao—1 -1
Q.0 —M¢ MQ#)S1 M¢ +M¢ MQ@S1 M97¢M¢

with S§1 = Mg — MgWMq;lM;‘2 & Then, the inverse can be computed as

. N, +NQ OQDS OQD —Ng}bog,DS;l
I—(0) = , - o1
_52 OQ,DNQ,¢ 52
with
Sy = — 0%,p NG 4Oa.p-

However, it is an open question if one can find further simplifications to achieve a more explicit
representation of 171(#) in terms of the parametrization Z = (wyes8nk=Didw),

Lemma 1.4. The information matriz (1.42) is given by (1.43)—(1.48).

Proof: In order to obtain the negative score function Dy ¢(6), we calculate the first derivatives in
the proof below as

Dg = (D, (diag(vec(I')))* vec(Z7H))* — (D, (diag(vec(I)))* vec(Z7TA© Zz71))*, (1.50)
Dj = (W,",(diag(vec(2)))" vee(Z ™))" + (W, (diag(vec(2)))* vec(Z7TAO Z7) . (1.51)

Note that the first derivative with respect to D can be obtained by replacing G with Z in (1.17).
As shown in the proof below, the second derivative matrices can be written as

Dg(Dg) = Dj(diag(vee(I)))"(—~ ((27) © 27")
+ (271492 Y ez Y+ (27 e Z*1A<0>Z*1)> diag(vec(I")) D, (1.52)

D;(Dy) = D;;<diag<vec<r>>>*( —(zY ez

(27 A0z g 7 1) ((Z—l)’®z—1A<0>z—1)) diag(vec(Z2))W, 2, (1.53)
D (D) = —Di(diag(vec(1)) (AVZ7YY @ 27Y) + (271 @ 27T AO) B ., (1.54)
D;(Dg) = W, diag(vec(Z ))( iag(vec(Z ™)), 2 — (27 @ Z7Y) diag(vec(Z)) W,

~ W}, diag(vee(Z~ LA Zz71)) diag(vec(Z))W, 2

W, d1ag(vec(Z))<(( LAO 271y @ 771

+((z7YY ®Z—1A<°>z-1)) diag(vec(2)) W2, (1.55)
Dj(Dz) = W, (diag(vec(2)))* (AVZ Y 0 27 + (271 © 2 TAV))E; .. (1.56)

Taking the expected value of the second derivatives (1.52)(1.56) and using (1.15) gives the infor-
mation matrix (1.42) with the blocks (1.43)—(1.48).
For further calculations, note that

vec(d Z) = vec(I' © d Q) = vec(I') ® vec(d ) = diag(vec(I")) D, vec(d Q),

12



vec(d Z) = vec(Z ©dP) = vec(Z) © vec(d ) = diag(vec(Z))W,

»p2 vec(d P),

where we used (1.49) and the notation ® = (sign(k — 1)idx;)k,1=1
and (1.52)—(1.56).
The differential (1.50) can be derived as

»- We next prove (1.50), (1.51)

,,,,,

d % D log |A; P 2N | = (vee(Z71))* vec(d Z)
j=1
= (vec(Z™1))* diag(vec(I")) D, vec(d Q)
= (D, (diag(vec(T")))* vec(Z 1)) * vec(d Q),

d— Ztr Ix(M)APZ7INP) = —(vee(Z 7T AD Z71))* vec(d 2)

= —(Dj(diag(vec(T)))" vec(ZtA® Z71))* vec(d Q)

and (1.51) as

1 m
— log|\;PZA P = (271 d Z)
m < 1

]:

= (vec(Z71))* vec(d 2)
= (vec(Z71))* diag(vec(Z))W,, 2 vec(d ®)
= (Wt

e (diag(vee(2)))" vee(Z71))" vec(d @),
d % i tr(IX()\j))\fz—l)\?) — dtr(A(O)Z—l)

=—tr(2'AVZ7(d 2))
= (W], (diag(vec(2)))" vec(Z 71 A© Z71))" vec(d ®).

The second derivative matrix Dg(Dg) in (1.52) follows from

d D;(diag(vec(I")))" vec(Z ™ b
= —Dy(diag(vec(I')))" vec(Z~ (d Z2)Z71
= —Dy(diag(vec(I")))"((Z~ Y @ z71) diag(vec(T)) D, vec(d Q),

—d Dy (diag(vec(I')))" vec( Z71 A0 z=1
— —D:(diag(vec(T")))* (((Z—1A<O>Z—1)’ ® 27
+(ZzY e Z*1A<0>Z*1)) diag(vee(I")) D, vec(d ).

The second derivative matrix Dgz(Dg) in (1.53) is a consequence of

d D, (diag(vec(I')))* vec(Z™1)
= —D;(diag(vec(f‘)))*((Z_l)' ® Z71), vec(d Z)
) (

= —Dj(diag(vec(I"))*((Z7") ® Z~") diag(vec(Z))W,

»p2 vec(d D)
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—d Dy(diag(vec(I')))" Vec(Z’lA(O)Zfl)
= Dy (diag(vec(I')))" (((Z—lA(O)Z—l)/ 227

T (27 e Z*1A(0)Z*1)> diag(vec(Z))W,

2y

2 vee(d ).

The relation (1.54) for D 5(Dg) can be proven as (1.19), since we are taking the derivative with
respect to lN), the calculations are independent of the underlying parametrization.

The second derivative DE)(D%) in (1.55) with respect to the phase parameter vector follows
from

AW, (diag(vec(2)))* vee(Z ™)

=W} ((dvee(Z)) @ vee(Z71) + vee(Z) © dvee(Z 7))

= Wy (vee(271) @ diag(vec(Z)) W, 2 vee(d ®) — vec(Z) @ vee(2 (A 2)27))
=W, (diag(vec(z—l)) diag(vec(Z))W, 2

— diag(vec(2))((Z71) ® Z1) diag(vec(Z))W,

p7p2) vec(d ®),

d W}j,rp2 (diag(vec(Z2)))* vec(Z P A z71)
=W diag(vec(Z A Z71Y) diag(vec(Z)) W, 2 vec(d B)

+ ngg diag(vec(Z)) (((Z—IA(o)Z_l), e

(27 e Z—1A<O>Z—1)) diag(vec(Z))W

p,p

2 vee(d ®)

The proof for the last second derivative D 5(Dg) in (1.56) is omitted but follows the calculations
to derive (1.19).

O

2 Details for Section [III]

We recall here the setting of Section [III] and give the proof of Corollary [3.1], which is a consequence
of Theorem [2.1].

We consider the hypothesis testing problem
Hg Tkl = T2k = 0 forall k£ 75 . (2.1)

The parameters entering the null hypothesis can be obtained from G by eliminating the diagonal
elements of G. Therefore, we introduce the matrix

Epp-1).* = (Op(p-1): V1, 0p(p-1)5 -, Op(p—1), V-1, Opp-1) (22)

with V, = (Ul+(q_1)p, . ,vp+(q_1)p), where v; denotes the ith standard basis vector of RP(P~1) and
0,(p—1) is a p(p — 1)-vector with all entries equal to zero. Then, the vector of parameters of interest
can be written as

Y= gp(p—l),pQ vec(G),

and similarly ¥ for the local Whittle estimators.
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2.1 Proof of Corollary [3.1]

The asymptotic normality result can be obtained under the null hypothesis (2.1) by replacing the
matrix G with G = diag(g11,...,9pp) in the upper left block of (1.12). This block is given by

T}

M—l
G + T — T2

—L L,RZ;'R*L; (2.3)

with M;' = L,(G' ® G)L; and Zg = 2(G © G~ + I,).
Considering the two summands in (2.3) separately with G replaced by G leads to

— * T % 1 * T %
L,RZ; 'R L= ZLpRR Ly = (Qri)ki=1,...p (2.4)

with
g%, ifkil=1+(p+1)(r—1), forr=1,...p,
Qu = .
0, otherwise,

since Z5' = (2(G© G+ 1)) = (1/4)1, and
Mg =Ly(G ®G)L;
1
= 1Tl + TR Kp) (G ® O) (e Lz + T k)

Z(pw@g o+ (G G KT + T Ky (G © G) T + TR Ky (G 2 O ) (25)
%(zm T(G 8 G)3) + 2R(J2(G © 6K )
=190,

where we used Theorem 9 in Magnus and Neudecker (2007), p. 55 for the equality before last and
the last equality follows since the real part of the second summand zero.
Then, combining (2.4) and (2.5), Theorem [2.1] implies

Jmd 5 N(0, Co)

with )
Co = 5500529 @ DEyp1,p2

3 Additional comments for Section [V]

Our numerical study assesses the performance of the fractal non-connectivity test of Section [3].
We provide here additional details regarding the discussion in the article.

First, we recall the underlying time series model for the simulation study. For the empirical
size calculations, we simulate a fractally non-connected series with the spectral density fx(\) =

(fx k(X)) g i=1,..p given by

g —iX|— g —iAy— iAy—
fX,kk(A):Qi;H—e AT fe (V) = 21;1(1—6 M)k — e, (3.1)

for k < I, where 0 < 0, < dx < 1/2, k =1,...,p, and oy # 0, o > 0. For the empirical power
calculations, we use a fractally connected model and take the same spectral density as in (3.1) but
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Xl,n X2,n X3,n X4,n X5,n
Xin 0.73 | 0.227 | 0.082 | 0.048
Xon 0.082 | 0.09 | 0.065
X3n 0.065 | 0.08
Xin 0.066
X5,n

Table 1: Empirical sizes for the pairwise fractal non-connectivity test applied to each pair of the
five dimensional time series with n = 1,...,1000.

with 0 = dp. The autocovariance functions for these series can be computed explicitly and the
Gaussian series can be generated exactly following Helgason et al. (2011). For the simulation study,
we take p =5,

d=(dy,...,ds)=(0.1,0.2,0.25,0.3,0.4), 6, = (81,...,05) =0.1-d,

1 01 05 02 0.1
1 0.2 04 0.1
Y = (Or)ki=t..p = 1 01 0.2 (3.2)
1 0.05
1

and the sample size N = 1000. The entries below the main diagonal of the symmetric 3 are
omitted.

Table [1] in the article presents the empirical sizes and powers of the fractal non-connectivity
test as functions of the tuning parameters m in the local Whittle estimation. As can be seen from
the table, the test is oversized even for smaller numbers of frequencies m.

To shed light on this observation, we fix the number of frequencies to m = N%45 and consider
pairwise testing. In other words, we apply the fractal connectivity test to each possible pair
( Xk, Xin), k,0=1,...,5,n=1,...,1000, of the five dimensional time series. The empirical sizes
are reported in Table 1. Comparing these sizes to the respective off-diagonal elements of ¥ in (3.2),
one may observe that the individual pairwise tests perform well for smaller off diagonal elements
in 3. In contrast, for the pair associated with o153 = 0.5, the test performs poorly.

Our global fractal connectivity test also gets affected by the (relative) magnitudes of the entries
of 3. To argue this point, we again consider the pairs (X ,, X;,), k,{=1,...,5, n=1,...,1000,
and calculate the empirical probabilities for rejecting a pairwise hypothesis falsely given that an-
other pairwise hypothesis has already been rejected falsely; see Figure 1.

Focussing on the second row in Figure 1, one may observe higher values compared to the rest of
the empirical probabilities. The second row presents the empirical probabilities that pairwise test
rejects falsely given that the hypothesis of the pair (X ,, X3,) being fractally non-connected has
already been rejected. The pair (Xi 5, X3,) is associated with o3 = 0.5 in (3.2).

Regarding our global fractal non-connectivity test, the discussion above shows that the depen-
dence structure imposed by ¥ might increase the size of the test: single larger entries of ¥ will
tend to lead to a rejection in the pairwide testing and as a result, also to a rejection of the global
hypothesis (2.1).
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T T T T T T T T T

0.074766 0.09434 0.086207 0.10938 0.0545450.092593 0.05 0.0877190.066667

o105z

14 10.074627 0.079439 0.0344830.078125 0.1  0.037037 0.033333 0.017544 0.044444
15 10.074627 0.060748 0.037736 0.10937 0.036364 0.037037 0.066667 0.017544 0.022222
23 0.10448 0.070093 0.09434 0.045455 0.055556 0.083333 0.052632 0.044444

24 19.089552 0.068966 0.078125 0.052632-

25 10.074627 0.065421 0.037736 0.034483 0.046875 0.072727 0.0666670.035088 0 -
34 10.044776 0.046729 0.037736 0.068966 0.078125 0.072727 0.074074 0.035088 0.066667|

35 10.074627 0.028037 0.018868 0.017241 0.046875 0.027273 0.037037 0.033333

45 19.044776 0.060748 0.037736 0.017241 0.03125 0.063636 0
Il Il Il Il Il 1 1

12 13 14 15 23 24 25 34 35 45

Figure 1: The empirical probabilities for rejecting a pairwise hypothesis (horizontal) falsely given
another pairwise hypothesis (vertical) has already been rejected falsely. The labeling kI on the
horizontal and vertical axes denote the respective pairs (X, Xi ), k, I =1,...,5.
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